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ON THE PARITY RESULT FOR MULTIPLE DIRICHLET SERIES
SHIN-YA KADOTA
Abstract. In this paper, we discuss the parity result for multiple Dirichlet series which
contains some special values of multiple zeta functions as special cases, such as Mordell–
Tornheim type of multiple zeta values, zeta values of the root systems and so on. Moreover,
we can give an explicit expression in terms of lower series by using the main theorem.
1. Introduction
Parity results are one of the important properties of special values of multiple zeta func-
tions, and have been extensively researched. For example, the parity result for Euler–Zagier
type of multiple zeta values was proved by Goncharov [2, Corollary 7.2], Tsumura [14] and
Ihara, Kaneko and Zagier [3]. For an r-tuple of positive integers k = (k1, k2, . . . , kr) (kr ≥
2), the Euler–Zagier type of multiple zeta value is defined by
ζr,EZ(k) =
∞∑
m1=1
· · ·
∞∑
mr=1
1
mk11 (m1 +m2)
k2 . . . (m1 +m2 + · · ·+mr)kr
.
For a tuple of numbers k = (k1, k2, . . . , kr), we define wt(k) as the sum of all entries of k,
namely wt(k) :=
∑r
j=1 kj which is called the weight. The parity result for Euler–Zagier
type of multiple zeta values is the following property.
Theorem 1.1. When wt(k) and r ≥ 2 are of different parity, ζr,EZ(k) can be written as
a rational linear combination of the product of Euler–Zagier type of multiple zeta values
ζs,EZ(ℓ) (s < r,wt(ℓ) < wt(k)).
The parity result for Mordell–Tornheim type of multiple zeta values was proved by
Tsumura [16] and later by Onodera [12, Theorem 3] (see also the paper of Bradley and
Zhou [1]). The Mordell–Tornheim type of multiple zeta value is defined for an (r+1)-tuple
of positive numbers k = (k1, . . . , kr, kr+1) by
ζr,MT (k) =
∞∑
m1=1
· · ·
∞∑
mr=1
1
mk11 m
k2
2 . . . m
kr
r (m1 +m2 + · · ·+mr)kr+1
.
This series with ki = si ∈ C was introduced by Matsumoto in [8] first.
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Theorem 1.2. When wt(k) and r ≥ 2 are of different parity, ζr,MT (k) can be written
as a rational linear combination of the product of Mordell–Tornheim type of multiple zeta
values ζs,MT (ℓ) (s < r,wt(ℓ) < wt(k)).
From these two theorems, we can regard the parity result as a property that r-ple series
can be written in terms of s(< r)-ple series. In that sense, some results on such a property
for other objects (for example, zeta values of root systems and multiple polylogarithms)
are already known (see [6, 7, 10, 11, 13, 15]). We introduce the main object of the present
paper in the next section.
2. Preliminaries and main results
Let N be the set of positive integers, N0 be the set of non negative integers, Z be the set
of integers, R be the set of real numbers, C be the set of complex numbers. For a positive
integer m, we define [m] := {1, 2, . . . , m}. Let r and ℓ be positive integers and M(ℓ, r,N0)
be the set of ℓ × r matrices A = (aij)i∈[ℓ]
j∈[r]
whose entries are non negative integers which
satisfies the following two conditions.
(1) A has no zero row vectors.
(2) A has no zero column vectors.
The main object of the present paper is the following multiple Dirichlet series which is
defined for h = (h1, . . . , hr) ∈ Nr, k = (k1, . . . , kℓ) ∈ Nℓ, y = (y1, . . . , yr) ∈ Rr and
A ∈M(ℓ, r,N0) by
ζr,ℓ(h,k,y, A)
:=
∞∑
m1=1
· · ·
∞∑
mr=1
e2π
√−1(m1y1+···+mryr)
mh11 . . . m
hr
r (a11m1 + · · ·+ a1rmr)k1 . . . (aℓ1m1 + · · ·+ aℓrmr)kℓ
=
∞∑
m1=1
· · ·
∞∑
mr=1
∏
j∈[r]
e(mjyj)
m
hj
j
∏
i∈[ℓ]
1
(ai1m1 + · · ·+ airmr)ki ,
where e(α) := exp(2π
√−1α). The first condition of A guarantees that the denomina-
tor does not vanish, and the second condition guarantees that ζr,ℓ(h,k,y, A) converges
absolutely.
Here, we introduce notations. For a non empty subset J = {j1 < j2 < · · · < j|J |} ⊂ [r],
we define J¯ := [r]\J . For a tuple of numbers h = (h1, . . . , hr) and a matrix A ∈M(ℓ, r,N0),
we define hJ and a sub matrix AJ as follows.
hJ := (hj)j∈J = (hj1 , hj2, . . . , hjm), AJ := (aij)i∈[ℓ]
j∈J
.
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For the empty set, we define wt(h∅) = 0. Moreover, we define the set of numbers of non
zero row vectors of AJ .
I = IJ := {i ∈ [ℓ] | aij 6= 0 for some j ∈ J}, I¯ = I¯J := [ℓ] \ IJ .
In order to state the main theorem, we need more preliminaries. Let m be a positive
integer. We assume that the real vector space Rm is equipped with the normal inner
product 〈·, ·〉. We denote ~f the part of Rm in f ∈ Rm×C and f˙ the part in C of f ∈ Rm×C.
Namely, we express f ∈ Rm × C as f = (~f, f˙). We define 〈V 〉 := ∑
v∈V Zv for V ⊂ Rm,
and ~W := {~f | f = (~f, f˙) ∈ W} for W ⊂ Rm × C. Let Λ be a subset of (Zm \ {~0}) × C
with satisfying |Λ| < ∞ and rank〈~Λ〉 = m. For H ⊂ Λ with rank〈 ~H〉 = m− 1, we define
HH :=
∑
g∈H R~g. For Λ, let B(Λ) be the set of all subsets B ⊂ Λ such that ~B forms a
basis of Rm. For B = {f1, . . . , fm} ∈ B(Λ), let ~B∗ = {~fB1 , . . . , ~fBm} be the dual basis of
~B = {~f1, . . . , ~fm} in Rm.
For real numbers, we define the multi dimensional generalization of fractional part {·}
which was introduced in [4] by Komori, Matsumoto and Tsumura. Let R(Λ) be the set
of all subsets R = {g1, . . . , gm−1} ⊂ Λ satisfying that ~R = {~g1, . . . , ~gm−1} is a linearly
independent set. Here, we fix one vector
ρ ∈ Rm \
⋃
R∈R(Λ)
HR
satisfying that 〈ρ, ~fB〉 6= 0 for all B ∈ B(Λ) and f ∈ B. According to ρ, for y ∈ Rm, B ∈
B(Λ) and f ∈ B, we define the multi dimensional fractional part as follows.
{y}B,f :=

{〈y,
~fB〉} if 〈ρ, ~fB〉 > 0,
1− {−〈y, ~fB〉} if 〈ρ, ~fB〉 < 0.
Now we define the generating function for a non empty subset J ⊂ [r], a matrix A ∈
M(ℓ, r,N0) and mJ¯ ∈ N|J¯|. We put
fj = fJ,j = ((δjk)k∈J , 0) ∈ R|J | × C (j ∈ J),
fr+i = fJ,r+i = ((aij)j∈J ,−
∑
j∈J¯
aijmj) ∈ R|J | × C (i ∈ [ℓ]),
and we define f(mJ) := 〈~f,mJ〉 + f˙ for the above vectors f and mJ = (mj)j∈J ∈ N|J |,
where δjk denotes Kronecker’s delta symbol.
Remark 2.1. We can rewrite the set I as {i ∈ [ℓ] | ~fr+i 6= 0}.
Moreover, we put
Λ = ΛJ = {fj, fr+i | j ∈ J, i ∈ I}.
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It is easy to see that rank〈~Λ〉 = |J |. For yJ ∈ R|J | and tΛ = (tf )f∈Λ ∈ C|Λ|, we define
G(tΛ,yJ ; Λ) =
∑
B∈B(Λ)

 ∏
g∈Λ\B
−tg
g˙ −∑f∈B f˙〈~g, ~fB〉 − (tg −∑f∈B tf 〈~g, ~fB〉)


× 1|Z|J |/〈 ~B〉|
∑
w∈Z|J|/〈 ~B〉
(∏
f∈B
2π
√−1tfe((tf − f˙){yJ +w}B,f)
e(tf)− 1
)
,
and denote by D(hJ ,kI ,yJ ; Λ) the coefficients of the Taylor expansion of G(tΛ,yJ ; Λ)
around the origin in tΛ. Namely,
G(tΛ,yJ ; Λ) =
∑
hJ∈N|J|0
kI∈N|I|0
D(hJ ,kI ,yJ ; Λ)
∏
j∈J
i∈I
t
hj
j t
ki
r+i
hj!ki!
,
where tf denotes tk for f = fk ∈ Λ. Now, we state main theorem.
Theorem 2.2. For A ∈M(ℓ, r;N0),h = (h1, . . . , hr) ∈ Nr,k = (k1, . . . , kℓ) ∈ Nℓ satisfying
that
∞∑
m1=1
· · ·
∞∑
mr=1∑
j∈J aijmj−
∑
j∈J¯ aijmj 6=0 (i∈[ℓ])
∏
j∈[r]
1
m
hj
j
∏
i∈[ℓ]
1
|∑j∈J aijmj −∑j∈J¯ aijmj |ki
converges for any subset J ⊂ [r], and any y ∈ Rr, we have
ζr,ℓ(h,k,y, A) + (−1)wt(h)+wt(k)+r+1ζr,ℓ(h,k,−y, A) =
∑
∅6=J⊂[r]
Tr,ℓ,J(h,k,y, A),
where
Tr,ℓ,J(h,k,y, A) := (−1)wt(hJ¯ )+wt(kI¯ )+r+|I|
×
∞∑
mj=1
j∈J¯
∏
j∈J¯
e(−mjyj)
m
hj
j
∏
i∈I¯
1
(
∑
j∈J¯ aijmj)
ki
D(hJ ,kI ,yJ ; Λ)
∏
j∈J
i∈I
1
hj !ki!
.
We can obtain the following corollary by noting e
√−1θ+ e−
√−1θ = 2Re(e
√−1θ) for θ ∈ R.
Corollary 2.3. We assume that h,k,y and A satisfy the same condition as in Theo-
rem 2.2. When wt(h) + wt(k) and r are of different parity, we have
Re(ζr,ℓ(h,k,y, A)) =
1
2
∑
∅6=J⊂[r]
Tr,ℓ,J(h,k,y, A).
This means that the real part of r-ple series ζr,ℓ(h,k,y, A) can be expressed in terms
of s-ple series with s < r when wt(h) + wt(k) and r are of different parity. Hence, this
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corollary can be regarded as the parity result for multiple Dirichlet series. Moreover, we
can give an expression of Re(ζr,ℓ(h,k,y, A)) explicitly in terms of s-ple series by calculating
D(hJ ,kI ,yJ ; Λ).
3. An example
In this section, we check that the parity result for Mordell–Tornheim type of multiple
zeta values is deduced from Corollary 2.3.
Put ℓ = 1, y1 = · · · = yr = 0 and
A = (1, . . . , 1︸ ︷︷ ︸
r
).
We can see that A and any positive integers h1, . . . , hr and k1 satisfy the condition of
absolute convergence in Theorem 2.2 by the result of Matsumoto and Tsumura [9, Lemma
4.2]. From now on, we evaluate Tr,1,J(h, k1, 0, A). In this case, we fix ρ = (1, 2, . . . , |J |) for
J ⊂ [r] and we put
fj = ((δjk)k∈J , 0) (j ∈ J),
fr+1 = ((1)j∈J ,−
∑
j∈J¯
mj),
Λ = {fj, fr+1 | j ∈ J} .
Then B(Λ) can be divided into {B | fr+1 6∈ B} and {B | fr+1 ∈ B}. The former
set contains only one element that is B = {fj | j ∈ J}. Hence we have ~fBj = ~fj and
{0}B,fj = 0 for any j ∈ J since 〈ρ, ~fBj 〉 > 0. For B which is an element of the latter set, B
corresponds to an element of J , we name that element i since there exists only one element
of Λ such that fi 6∈ Λ \B. Then we can see that
~fBj =
~fj − ~fi (j ∈ J \ {i}), ~fBr+1 = ~fi,
〈~fi, ~fBj 〉 =

〈
~fi, ~fj − ~fi〉 = −1 if j ∈ J \ {i},
1 if j = r + 1,
and
{0}B,fj =

0 if i < j ∈ (J ∪ {r + 1}) \ {i},1 if i > j ∈ (J ∪ {r + 1}) \ {i}.
Moreover, Z|J |/〈 ~B〉 = {0} for any B ∈ B(Λ). Therefore we have
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G(tΛ, 0; Λ) =
−tr+1
f˙r+1 −
∑
j∈J f˙j〈~fr+1, ~fBj 〉 − (tr+1 −
∑
j∈J tj〈~fr+1, ~fBj 〉)
∏
j∈J
2π
√−1tj
e(tj)− 1
+
∑
i∈J
−ti
f˙i −
∑
j∈(J∪{r+1})\{i} f˙j〈~fi, ~fBj 〉 − (ti −
∑
j∈(J∪{r+1})\{i} tj〈~fi, ~fBj 〉)
×
∏
j∈(J∪{r+1})\{i}
i<j
2π
√−1tj
e(tj)− 1
∏
j∈(J∪{r+1})\{i}
i>j
2π
√−1tje(tj)
e(tj)− 1
=
1
2π
√−1
1∑
j∈J¯ mj − (
∑
j∈J tj − tr+1)
∏
j∈J∪{r+1}
2π
√−1tj
e(tj)− 1
×

e(tr+1)− 1−
∑
i∈J
(e(ti)− 1)
∏
j∈J\{i}
i>j
e(tj)

 .
Noting that
∑
i∈J
(e(ti)− 1)
∏
j∈J\{i}
i>j
e(tj) =
∑
i∈J

∏
j∈J
i≥j
e(tj)−
∏
j∈J\{i}
i>j
e(tj)

 = e(∑
j∈J
tj)− 1,
we have
G(tΛ, 0; Λ) =
−e(tr+1)
2π
√−1
e(
∑
j∈J tj − tr+1)− 1∑
j∈J¯ mj − (
∑
j∈J tj − tr+1)
∏
j∈J∪{r+1}
2π
√−1tj
e(tj)− 1 .
When J 6= [r], we can see that D(hJ , k1, 0; Λ) is a polynomial of powers of π
√−1 and
powers of (
∑
j∈J¯ mj)
−1. When J = [r], we can see that D(hJ , k1, 0; Λ) is a polynomial of
powers of π
√−1. By these observations and by taking the real part, we obtain the parity
result for Mordell–Tornheim type of multiple zeta values.
Remark 3.1. Similarly we can deduce parity results for zeta values of root systems from
Corollary 2.3.
4. Proof of Theorem 2.2
Now we prove Theorem 2.2. Let M be a positive integer. To prove Theorem 2.2, we
evaluate the finite sum
ζM,r,ℓ(h,k,y, A) =
M∑
m1=1
· · ·
M∑
mr=1
∏
j∈[r]
e(mjyj)
m
hj
j
∏
i∈[ℓ]
1
(ai1m1 + · · ·+ airmr)ki .
and then we take the limit M →∞.
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From the equation ∫ 1
0
e(nx) dx =

1 , n = 0,0 , n ∈ Z6=0,
we have
1
ck
=
N∑∗
n=−N
1
nk
∫ 1
0
e((c− n)x) dx(4.1)
for a non zero integer c and a positive integer N with |c| ≤ N , where ∑∗ means that the
dummy variable skips zero. Using Eq. (4.1) with c = ai1m1 + · · ·+ airmr and k = ki for
i ∈ [ℓ], we have
ζM,r,ℓ(h,k,y, A) =
M∑
m1=1
· · ·
M∑
mr=1
∏
j∈[r]
e(mjyj)
m
hj
j
∏
i∈[ℓ]
aM∑∗
ni=−aM
1
nkii
∫ 1
0
e((
∑
j∈[r]
aijmj − ni)xi) dxi
=
∫ 1
0
· · ·
∫ 1
0
∏
j∈[r]
M∑
mj=1
e(mj(yj +
∑
i∈[ℓ] aijxi))
m
hj
j
∏
i∈[ℓ]
aM∑∗
ni=−aM
e(−nixi)
nkii
dxi,
where a := max{ai1 + · · ·+ air | i ∈ [ℓ]}. Here, noting the deformation
M∑
m=1
e(my)
mh
=
M∑∗
m=−M
e(my)
mh
+ (−1)h+1
M∑
m=1
e(−my)
mh
,
and expanding the product on j, we obtain
ζM,r,ℓ(h,k,y, A) =
∑
J⊂[r]
TM,r,ℓ,J(h,k,y, A),
where J runs over all subsets of [r] and J determines the choice of j ∈ [r] which mj runs
from −M to M without zero. Moreover,
TM,r,ℓ,J(h,k,y, A) := (−1)wt(hJ¯ )+|J¯ |
∫ 1
0
· · ·
∫ 1
0
∏
j∈J¯
M∑
mj=1
e(−mj(yj +
∑
i∈[ℓ] aijxi))
m
hj
j
×
∏
j∈J
M∑∗
mj=−M
e(mj(yj +
∑
i∈[ℓ] aijxi))
m
hj
j
∏
i∈[ℓ]
aM∑∗
ni=−aM
e(−nixi)
nkii
dxi
= (−1)wt(hJ¯ )+|J¯ |
∏
j∈J¯
M∑
mj=1
e(−mjyj)
m
hj
j
∏
j∈J
M∑∗
mj=−M
e(mjyj)
m
hj
j
×
∏
i∈[ℓ]
aM∑∗
ni=−aM
∫ 1
0
e((−
∑
j∈J¯
aijmj +
∑
j∈J
aijmj − ni)xi) dxi.
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From now on, we evaluate TM,r,ℓ,J(h,k,y, A) for each J . If
∑
j∈J aijmj −
∑
j∈J¯ aijmj = 0
for some i ∈ [ℓ], the integral vanishes since ni skips zero. Hence, mj ’s satisfy
∑
j∈J aijmj−∑
j∈J¯ aijmj 6= 0 for all i ∈ [ℓ]. From this observation, we obtain
TM,r,ℓ,J(h,k,y, A)
= (−1)wt(hJ¯ )+|J¯ |
M∑
mj=1
j∈J¯
∏
j∈J¯
e(−mjyj)
m
hj
j
M∑∗
mj=−M
j∈J∑
j∈J aijmj−
∑
j∈J¯ aijmj 6=0 (∀i∈[ℓ])
∏
j∈J
e(mjyj)
m
hj
j
∏
i∈[ℓ]
aM∑∗
ni=−aM
−∑j∈J¯ aijmj+
∑
j∈J aijmj−ni=0
1
nkii
= (−1)wt(hJ¯ )+|J¯ |
M∑
mj=1
j∈J¯
∏
j∈J¯
e(−mjyj)
m
hj
j
M∑∗
mj=−M
j∈J∑
j∈J aijmj−
∑
j∈J¯ aijmj 6=0 (∀i∈[ℓ])
∏
j∈J
e(mjyj)
m
hj
j
∏
i∈[ℓ]
1
(
∑
j∈J aijmj −
∑
j∈J¯ aijmj)
ki
.
Here, we remark that TM,r,ℓ,J(h,k,y, A) absolutely converges when M → ∞ by the as-
sumption of h,k and A. It is easy to evaluate the case of J = ∅. We can obtain
TM,r,ℓ,∅(h,k,y, A) = (−1)wt(h)+wt(k)+rζM,r,ℓ(h,k,−y, A)
M→∞−−−−→ (−1)wt(h)+wt(k)+rζr,ℓ(h,k,−y, A),(4.2)
where −y = (−y1,−y2, . . . ,−yr). Hereafter, we assume that J is not the empty set. We
see that TM,r,ℓ,J(h,k,y, A) can be written as
TM,r,ℓ,J(h,k,y, A) = (−1)wt(hJ¯ )+|J¯|
M∑
mj=1
j∈J¯
∏
j∈J¯
e(−mjyj)
m
hj
j
M∑∗
mj=−M
j∈J
fr+i(mJ )6=0 (∀i∈[ℓ])
∏
j∈J
e(mjyj)
m
hj
j
∏
i∈[ℓ]
1
fr+i(mJ)ki
.
Here, we recall the definition of the set of numbers of non zero row vectors of AJ .
I = IJ := {i ∈ [ℓ] | aij 6= 0 for some j ∈ J}, I¯ = I¯J := [ℓ] \ IJ .
We see that fr+i(mJ ) = −
∑
j∈J¯ aijmj for i ∈ I¯ since ~fr+i = 0 for i ∈ I¯ by the definition
of I (see Remark 2.1). Moreover, the condition fr+i(mJ) 6= 0 obviously holds for i ∈ I¯.
Hence, separating the product on i into I and I¯, we have
TM,r,ℓ,J(h,k,y, A)
= (−1)wt(hJ¯ )+|J¯ |
M∑
mj=1
j∈J¯
∏
j∈J¯
e(−mjyj)
m
hj
j
∏
i∈I¯
1
(−∑j∈J¯ aijmj)ki
M∑∗
mj=−M
j∈J
fr+i(mJ )6=0 (∀i∈I)
∏
j∈J
e(mjyj)
m
hj
j
∏
i∈I
1
fr+i(mJ)ki
.
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Here, we define
ZM(hJ ,kI ,yJ ; Λ) :=
∑
mJ∈Z|J|
|mj |≤M (j∈J)
fj(mJ )6=0 (j∈J)
fr+i(mJ )6=0 (i∈I)
e(〈mJ ,yJ〉)
∏
j∈J
1
fj(mJ )hj
∏
i∈I
1
fr+i(mJ )ki
,
then we obtain
TM,r,ℓ,J(h,k,y, A)
= (−1)wt(hJ¯ )+wt(kI¯)+|J¯ |
M∑
mj=1
j∈J¯
∏
j∈J¯
e(−mjyj)
m
hj
j
∏
i∈I¯
1
(
∑
j∈J¯ aijmj)
ki
ZM(hJ ,kI ,yJ ; Λ).
By the absolute convergence of TM,r,ℓ,J(h,k,y, A) and the following result of Komori,
Matsumoto and Tsumura [5, Theorem 2.5]
lim
M→∞
ZM(hJ ,kI ,yJ ; Λ) = (−1)|Λ|D(hJ ,kI ,yJ ; Λ)
∏
j∈J
i∈I
1
hj !ki!
,
taking the limit M →∞, we have
TM,r,ℓ,J(h,k,y, A)→ Tr,ℓ,J(h,k,y, A).(4.3)
Note that we can use the above result of Komori, Matsumoto and Tsumura for any yJ ∈
R|J | since the set
{f ∈ Λ | rank〈~Λ \ {~f}〉 6= rank〈~Λ〉}
is empty in our situation. Combining Eqs. (4.2) and (4.3), we can obtain Theorem 2.2.
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